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Recent theoretical analyses which predicted unexpected effects of neutral depletion in both
collisional and collisionless plasmas are reviewed. We focus on the depletion of collisionless
neutrals induced by strong ionization of a collisionless plasma and contrast this depletion with the
effect of strong ionization on thermalized neutrals. The collisionless plasma is analyzed employing
a kinetic description. The collisionless neutrals and the plasma are coupled through volume
ionization and wall recombination only. The profiles of density and pressure both of the plasma and
of the neutral-gas and the profile of the ionization rate are calculated. It is shown that for
collisionless neutrals the ionization results in neutral depletion, while when neutrals are thermalized
the ionization induces a maximal neutral-density at the discharge center, which we call neutral
repletion. The difference between the two cases stems from the relation between the neutral density
and pressure. The pressure of the collisionless neutral-gas turns out to be maximal where its density
is minimal, in contrast to the case of a thermalized neutral gas. © 2008 American Institute of
Physics. �DOI: 10.1063/1.2844374�

I. INTRODUCTION

Space and laboratory plasmas can be significantly af-
fected by neutral depletion. The effect of neutral depletion in
gas discharges has already been addressed in some early in-
sightful studies.1–4 However, only in recent years, with the
growing use of lower pressure and higher power radio-
frequency discharges, is the importance of neutral depletion
becoming fully recognized.5–18 Decrease of the neutral
density,5–7,9,12,14,16–18 relaxation oscillations,8 and neutral-gas
heating10,11,13,15,18 have been measured.

Recently we investigated theoretically various aspects of
neutral depletion in gas discharges.19–25 We have examined
the plasma and neutral steady-state in collisional and colli-
sionless plasmas �meaning that the ions are collisionless�. In
the case of such a collisionless plasma we found that as a
result of intense ionization the density profile of collisionless
neutrals, as described in Ref. 24, is very different than that of
thermalized neutrals, described in Ref. 22, exhibiting deple-
tion versus repletion. In Ref. 24 we identified the source of
the different neutral density profiles as the different relations
between density and pressure for the collisionless and ther-
malized neutrals. The two different neutrals gases in Ref. 22
and in Ref. 24 were assumed to interact both with a colli-
sionless plasma. However, that same collisionless plasma
was analyzed with a kinetic model in Ref. 22 and with a fluid
picture in Ref. 24. Here we reanalyze this interaction of the
collisionless plasma with collisionless neutrals, this time em-
ploying a kinetic model for the ions, as we did in Ref. 22
where neutrals were thermalized. This allows us to compare
the interaction of neutrals of the two different dynamics, col-
lisionless versus thermalized, with a collisionless plasma that
is described by the same �kinetic� model. We calculate in

detail the profiles of the plasma and neutral flows �for a case
that we found to be first addressed in Ref. 2� and discuss in
particular the above mentioned relations between the neutral
density and pressure, explaining the source of depletion and
repletion.

In Sec. II we briefly review our recent theoretical stud-
ies. The models for the plasma and for the neutrals are pre-
sented in Sec. III and in Sec. IV, respectively. In Sec. V the
relation between the neutral density and pressure and the
resulting depletion or repletion are discussed. In Sec. VI
asymptotic results and numerical examples are presented.

II. OUR RECENT THEORETICAL STUDIES
OF NEUTRAL DEPLETION

In weakly ionized plasmas, in which the neutral density
and temperature are uniform �and nonlinear processes, such
as two-step ionization, are small�, particle balance is decou-
pled from power balance and the electron temperature is
found to be related to a single similarity variable, the product
of the neutral gas pressure, and the plasma spatial extent �the
Paschen parameter�.26–31 The plasma density is determined
by power balance and increases monotonically with depos-
ited energy, as does the plasma particle flux. When ionization
is intense and neutral density is significantly modified, so
that neutral pressure is not uniform, the above-mentioned
similarity variable is no longer well defined. Moreover, par-
ticle balance and power balance become coupled and so do
ionization and transport.

In our recent theoretical studies19–25 we have investi-
gated various aspects of neutral depletion in gas discharges
and have examined the plasma and neutral steady-state in
both collisional and collisionless plasmas. In all these studies
the total number of neutrals has been found to replace the
Paschen parameter as the similarity variable that determines
the electron temperature. In Ref. 19 we examined a colli-
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sional plasma in the Schottky regime �a regime described in
Ref. 26� that is in pressure balance with the neutral gas. We
derived and solved analytically a governing nonlinear equa-
tion, transforming it into the algebraic Kepler equation.19 We
have shown in Ref. 19 that because of the inherent coupling
of ionization and transport, an increase of the energy in-
vested in ionization can nonlinearly enhance the transport
process. Such an enhancement of the plasma transport due to
neutral depletion was shown to result in an unexpected de-
crease of the plasma density when power is increased; de-
spite the increase of the flux of generated plasma.19 The neu-
tral depletion in a collisional plasma has been described
further in Ref. 22. The Schottky regime has been described
in a greater detail and neutral depletion in the Godyak re-
gime �a regime described in Ref. 28� has also been formu-
lated.

In Refs. 23 and 25 we studied neutral depletion due to
neutral-gas heating by the plasma. In Ref. 23 an energy equa-
tion was derived in which neutral heating through collisions
with plasma electrons is balanced by heat conduction to the
boundaries. In Ref. 25 it was shown that the fraction of
power deposited in the neutrals does not depend on the
amount of deposited power or on the neutral density profile
but is rather determined by the atomic cross sections and by
the electron temperature only. Asymptotic relations for a
small coefficient of neutral heat conductivity have been
found. It is shown there that a low heat conductivity of the
neutral gas is followed by a high neutral temperature that
results in a high neutral depletion even if the plasma pressure
is small.

In Refs. 20–22 and 24 we addressed the neutral deple-
tion in a collisionless plasma. In Refs. 20, 21, and 24 the
neutral gas was assumed collisionless so that the neutral-gas
atoms move ballistically and, contrary to the collisional case
in Refs. 19, 23, and 25, do not exchange momentum with the
ions, rather they interact with the ions only through volume
ionization and wall recombination. The dynamics of neutrals
with such assumptions has also been analyzed in past studies
in Refs. 1–4, 9, 12, and 14. We performed an analysis of the
steady-state both for a closed system and for an open system
with a net mass flow. We have shown that in all these cases
the neutrals are depleted as a result of the ionization and that,
as expected, the neutral density decreases in the direction of
the neutral flow. The analysis describes what is called ion
pumping.6–8 The analysis in Ref. 20 and in Ref. 24 for an
open system with a net mass flow has relevance to plasma
sources such as helicons that are being considered for use as
thrusters.32–41 We have shown that, because of the presence
of the sheath, the power flow into the backwall is larger than
the power flow along the plasma exiting the source. The
calculated profiles of the plasma and neutral particles along
the channel were used to derive expressions for the thrust,
propellant utilization, specific impulse, and efficiency of a
plasma source used as a thruster. The energy cost for ioniza-
tion and the backwall energy losses were shown to signifi-
cantly reduce the efficiency.24

In Ref. 25 we have discussed what we called neutral
pumping, which we distinguish from ion pumping. Neutrals
are accelerated towards the boundaries through charge-

exchange collisions with fast ions. The fast neutrals resulting
from the charge-exchange collisions are assumed to quickly
leave the system. We note that the term “neutral pumping” is
sometimes used to describe what we called above ion pump-
ing. We suggested in Ref. 25 that a thruster could employ a
collisional plasma where thrust is delivered mostly through
pumped neutrals rather than through pumped ions.

An unexpected dynamics of the neutrals has been re-
vealed in Ref. 22 where neutrals were assumed to be ther-
malized rather than to move ballistically. Strong ionization
resulted in this case in a maximum of the neutral-gas density
surprisingly located at the center of the discharge. We call
this density increase of the neutrals in the direction of their
flow a neutral repletion. The source of the difference be-
tween the density profiles of the collisionless neutrals21,24

and of thermalized neutrals22 has been unfolded in Ref. 24
and is explained again in Sec. V of this paper.

In this paper we reanalyze the case studied in Ref. 24,
this time with the collisionless ions described kinetically. In
the next section we present the kinetic model for the plasma.

III. THE COLLISIONLESS PLASMA

In our recent analysis of the interaction between a colli-
sionless plasma and thermalized neutrals22 we used a kinetic
model42–45 for the plasma. For redescribing the interaction
between a collisionless plasma and ballistic neutrals we use
here this kinetic model for the plasma instead of the fluid
model that we used in Refs. 21 and 24.

We assume a collisionless plasma in which volume ion-
ization is balanced by loss at the boundaries. The collision-
less plasma is assumed quasi-neutral and one-dimensional,
where all variables vary along z only. The continuity equa-
tion is

d�

dz
= g�z� , �1�

where � is the plasma particle flux-density and g is the ion-
ization rate. We express the ion density ni and the electron
density ne as

ni�z� = � m

2e
�1/2�

0

z g�z��dz�

���z�� − ��z��1/2 , �2�

and

ne�z� = n0 exp� e��z�
T

	 . �3�

Here � is the electrostatic potential, T the electron tempera-
ture, m the ion mass, and e is the elementary charge. The
peak of the ion and electron densities is at z=0 and we
choose ��0�=0. Assuming quasineutrality, n
ni=ne, so that
n�0�=n0, we combine Eqs. �2� and �3� to

n0 exp� e��z�
T

	 = � m

2e
�1/2�

0

z g�z��dz�

���z�� − ��z��1/2 . �4�

As is usually done, we solve this integral equation for ��z�
by employing Abel inversion, multiplying the equation by
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��−�1�−1/2 and integrating over � from zero to �1. The
result is

n0 exp� e�1

T
��

0

�− �1�1/2

2ds exp� es2

T
�

= �� m

2e
�1/2�

0

�1

d��g����
dz�

d��
. �5�

This last relation can be written as

��z� = �
0

z

dz�g�z�� = ����

= �
0

�

d��g����
dz�

d��
=

2�2

�
n0cF��1/2� , �6�

where F is the Dawson integral,

F�x� 
 exp�− x2��
0

x

exp�t2�dt = exp�− x2�
��

2
erf i�x� ,

�7�

and

� 
 −
e�

T
� 0, c 
� T

m
. �8�

From Eq. �6� we obtain

d����
d�

=
2�2

�
n0c�− F��1/2� +

1

2�1/2	 = g���
dz

d�
. �9�

The electric field is infinite at the plasma boundary where the
square brackets vanish. This happens at

� = �w = 0.854. �10�

The maximal plasma particle flux-density is therefore

�max = ���w� =
2�2

�
n0cF��w

1/2� =
n0c

2

2�2

��w
1/2 , �11�

which is 0.974 times smaller than n0c /2, the maximal plasma
particle flux-density in the fluid picture.24

Since n=n0 exp�−�� we write

� = − ln nn nn 

n

n0
. �12�

The ratio of the plasma density at the boundary at z=a to its
maximal value is

nn�a� = exp�− �m� = 0.426, �13�

while in the fluid picture24 this ratio is 0.5. The maximal
plasma flow velocity is

vmax =
�max

n�a�
=

c

2

2�2

��w
1/2 exp��w� = 1.144c . �14�

We can express the normalized plasma particle flux-density

�n 

����
�max

= 2�w
1/2F��1/2� , �15�

as a function of the plasma density as

�n = 2�w
1/2F��− ln nn� . �16�

This relation between the plasma particle flux-density and
the plasma density is independent of the neutral density. In
the fluid picture24 the equivalent relation is �n

2 /4+nn
2=nn.

The plasma and neutrals are coupled through ionization.
We write the ionization rate as

g = ��T�nN , �17�

where N is the neutral density. In the next section we de-
scribe the neutral dynamics that determines the profile of N.

IV. THE COLLISIONLESS NEUTRAL DYNAMICS

We assume that the neutrals, like the plasma ions, are
collisionless, that they move ballistically, and that they are
coupled to the plasma only through volume ionization and
wall recombination. The neutral dynamics assumed here is
identical to that in our previous publications,21,24 where the
plasma was treated within a fluid model. Similar analyses of
neutrals that move ballistically2–4,9,12,14 exhibit neutral deple-
tion similar to that shown here. In Ref. 24 we derived a
formalism for the neutrals of a general distribution at the
wall. As we did in Ref. 24, we choose to apply the formalism
to the following simple case.

We assume that the neutral gas is composed of two mo-
noenergetic counterstreaming beams

fN�v,z� =
�1�z�

va
��v − va� +

�2�z�
va

��v + va� . �18�

The neutral density, particle flux-density and velocity are

N�z� =
�1�z� + �2�z�

va
, �N�z� = �1�z� − �2�z�,

�19�

vN�z� = va
�1�z� − �2�z�
�1�z� + �2�z�

,

while the neutral pressure is

PN�z� = �
−�

�

dvfN�v,z�m�v − vN�2 =
4m�1�z��2�z�

N�z�
. �20�

From the continuity equations for the two separate beams

d�1

dz
= − �n

�1

va
,

d�2

dz
= �n

�2

va
, �21�

it follows that

�1�z��2�z� = �0
2 = const. �22�

The pressure is therefore

PN�z� =
4m�0

2

N�z�
. �23�

The neutral pressure is inversely proportional to the neutral
density.
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Let us assume that there is no net mass flow, so that the
sum of the neutral particle flux-density and the plasma par-
ticle flux-density is zero,

��z� + �1�z� − �2�z� = 0. �24�

Combining Eqs. �22� and �24� we find that

�1�z� = −
��z�

2
+��2�z�

4
+ �0

2,

�25�

�2�z� =
��z�

2
+��2�z�

4
+ �0

2,

and that the neutral density is

N =
��2�z� + 4�0

2

va
=

�max

va

��n
2 + Bcl

2 Bcl 

2�0

�max
. �26�

We assume further that there are walls located at z= 	a and
that the discharge is symmetric with respect to z=0. We de-
fine the neutral depletion as

D 

N�a� − N�0�

N�0�
, �27�

which turns out in our case to be

D =�1 +
1

Bcl
2 − 1. �28�

It is clear from Eq. �26� that

dN�z�
dz


 0 − a � z 
 0;
dN�z�

dz
� 0 0 
 z � a .

�29�

Thus, these collisionless neutrals that move ballistically be-
tween the walls have a lower density away from the walls.
This density profile is opposite in its shape to the density
profile of the thermalized neutral-gas analyzed in Ref. 22 in
which the maximal density is at the center of the discharge.
In Ref. 24 we showed that collisionless neutrals that move
ballistically between the walls always have a lower density
away from the walls, not only the neutral flow composed of
two cold beams as in Eq. �18�. The source of the difference
between the density profiles of collisionless and thermalized
neutral-gas is discussed in the next section.

V. DENSITY AND PRESSURE OF THE NEUTRAL GAS

The steady neutral-gas distribution function fN�v ,z� is a
solution of the time-independent Boltzmann equation,

d�vfN�
dz

= − �nfN. �30�

The continuity and the momentum equations for the neutrals,
that are obtained from Eq. �30�, are

d�NV�
dz

= − �Nn,
d�mNV2 + pN�

dz
= − m�NnV . �31�

These equations are combined to

mNV
dV

dz
+

dpN

dz
= 0. �32�

From the momentum equation in this form �Eq. �32��, it fol-
lows that if the neutral velocity decreases along the neutral
flow �say dV /dz
0 as NV�0�, then the neutral-gas pressure
should increase along the neutral flow �dpN /dz�0�. For the
configuration of a symmetrical discharge between the two
walls, in both cases of interest to us, thermalized and colli-
sionless neutrals, the neutrals flow from the wall towards the
center of the discharge. The neutral flow-velocity decreases
along the neutral flow and vanishes at the center of the dis-
charge. Therefore, the neutral gas-pressure should increase
from the wall towards the center of the discharge, becoming
maximal at the center.

Let us examine now the profile of the neutral density. In
the case that pN= pN�N� the neutral density profile is deter-
mined by the relation

dpN

dz
=

dpN

dN

dN

dz
. �33�

We examine first the case of thermalized neutrals, that was
studied in Ref. 22. The neutrals were assumed to satisfy the
equation of state

pN = NTg, �34�

where Tg, the gas temperature, was assumed constant. Since

dpN

dN
= Tg � 0, �35�

the spatial derivative of the neutral density has the same sign
as the spatial derivative of the pressure,

dpN

dz � dN

dz
� 0. �36�

Therefore, since the neutral-gas pressure increases along the
neutral flow, so does the neutral density. In the configuration
of a discharge between two walls the neutral-gas density
turns out to be higher away from the wall, what we call a
neutral repletion.

The second case is of collisionless neutrals analyzed in
this paper. The equation of state is Eq. �23�,

PN�z� =
4m�0

2

N�z�
. �37�

The neutral pressure is inversely proportional to the neutral
density and, following Eq. �33�

dpN

dN
= −

4m�0
2

N2 
 0 ⇒
dpN

dz � dN

dz

 0. �38�

In this case, therefore, since the neutral pressure increases
the neutral density decreases along the neutral flow. In the
collisionless case the neutral density has its minimum where
the neutral pressure has its maximum, at the center of the
discharge. Thus, the discharge with collisionless neutrals
analyzed here exhibits a neutral depletion.

In summary, both for collisionless and thermalized neu-
trals, the pressure of the neutral-gas is higher at the center
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and lower near the walls. The equation of state of the neu-
trals, the relation between the neutral density and pressure,
determines whether there will be an ionization-induced
maximal neutral density at the center, called neutral reple-
tion, or, in contrast, a neutral depletion.

VI. NUMERICAL SOLUTIONS

Employing the expressions for the ionization rate Eq.
�17� and for the neutral density Eq. �26�, we write the con-
tinuity equation �1� in a dimensionless form as

d�n

d

= Pnnn

��n
2 + Bcl

2 , �39�

where


 

z

a
, Pn 


�an0

va
. �40�

Integrating this equation between the center of the discharge
and the wall yields a relation between the two parameters Pn

and Bcl,

Pn = �
0

1 d�n

nn
��n

2 + Bcl
2

. �41�

When ionization is small, Bcl�1, the neutral density is
approximately constant and Eq. �39� is approximated as

d�n

d

= PnBclnn. �42�

Employing the relations d�n /d
= �d�n /d���d� /d
� and
d�n /d�=2�w

1/2�−F��1/2�+0.5�−1/2� �from Eq. �9��, we obtain
the equation

PnBcl

2�w
1/2 
 =

�2��aN0

c



= �
0

�1/2

ds�1 − 2sF�s��exp�s2�, N0 

2�0

va
. �43�

Here N0 is the uniform neutral density. We write the integral
in this case of a uniform neutral density in two equivalent
forms,

��aN0

2�2c

 =

��

2
�1

2
− ��erf i��1/2� +

�1/2

2
exp���

= ��1

2
− ��F��1/2� +

�1/2

2
	exp��� . �44�

Substituting the boundary condition 
��=�w�=1, we obtain
from the vanishing of the square brackets in Eq. �9� the
relation

��aN0

2�2c
=

exp��w�
4�w

1/2 = 0.6355. �45�

For the collisionless plasma interacting with a uniform den-
sity neutral the kinetic treatment results here in �aN0 /c
=0.5721 while the cold-fluid treatment in Ref. 24 results in
�aN0 /c= ��−2� /2=0.5708. In both treatments the parameter

��T� /c�T� and therefore also the electron temperature are
determined by the Paschen parameter aN0.

Let us turn now to the case of a high neutral depletion.
When neutral depletion is high, however, Bcl�1, most of the
contribution is from the region in which nn
1. Equation
�41� is then approximated as2,24

Pn = �
0

1 d�n

��n
2 + Bcl

2

 �

0

1 d�n

��n
2 + Bcl

2

= ln�1 + �Bcl
2 + 1

Bcl
� 
 ln� 2

Bcl
� . �46�

We write this approximate relation as Bcl
2 exp�−Pn� and
the neutral depletion is then expressed as

D 

1

Bcl
= 0.5 exp�Pn� Bcl � 1. �47�

In the general case we solve numerically

0

0.5

1

−1 −0.5 0 0.5 1
0

0.5

1

ξ

ion
rate

n/n
0

N/N
w

−eφ/T

(a)

(b)

FIG. 1. The normalized plasma density nn=n /n0, normalized neutral density
N /Nw, normalized ionization rate nnN /Nw, and normalized electric potential
� for �a� Bcl

2 =100, �b� Bcl
2 =0.0001.

0

2

4

6

Γ
1,n

Γ
2,n

Γ
n

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

ξ

(a)

(b)

FIG. 2. The normalized plasma flow �n and neutral flows �1,n and �2,n for
�a� Bcl

2 =100, �b� Bcl
2 =0.0001.
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Pn
 = �
0

�1/2

ds�1 − 2sF�s��
exp�s2�
�F2 + Bn

2
Bn

2 

Bcl

2

4�w
. �48�

The boundary condition 
��=�w�=1 results in

Pn = �
0

�w
1/2

ds�1 − 2sF�
exp�s2�
�F2 + Bn

2
. �49�

Equation �48� then becomes


 =
�0

�1/2
ds exp�s2��1 − 2sF��F2 + Bn

2�−1/2

�0
�w

1/2
ds exp�s2��1 − 2sF��F2 + Bn

2�−1/2
. �50�

For a specified Bcl
2 we find Pn and 
���. The normalized

plasma and neutral fluxes are then

�n = 2�w
1/2F��1/2�, �1,n 


�1

�max
= −

�n

2
+

1

2
��n

2 + Bcl
2 ,

�51�

�2,n 

�2

�max
=

�n

2
+

1

2
��n

2 + Bcl
2 .

The neutral density, normalized with respect to the neutral
density at the wall Nw, is

N

Nw
=��n

2 + Bcl
2

1 + Bcl
2 . �52�

In Figs. 1–3 we present the profiles of the plasma and
neutral flow variables for two cases, low neutral depletion
�Bcl

2 =100� and high neutral depletion �Bcl
2 =0.0001�. In Fig. 1

are shown the normalized plasma density nn=n /n0, the nor-
malized neutral density N /Nw, the normalized ionization rate
nnN /Nw, and the normalized electric potential �. It is seen in
the figure that the plasma density and the electric potential
profiles are much flatter when neutral depletion is high. The
normalized ionization rate almost coincides with the plasma
density when neutral depletion is low and is maximal at the

center of the discharge. When neutral depletion is high the
ionization rate is very low at the center and is maximal near
the walls.

Figure 2 shows the normalized plasma flow �n and neu-
tral flows �1,n and �2,n for low and high neutral depletion
for the two values of Bcl

2 mentioned above. When neutral
depletion is low the two opposite neutral fluxes are sym-
metrical with respect to z=0. When neutral depletion is high
�n
−�1,n for z
0 and �n
�2,n for z�0.

Figure 3 shows the profiles of the normalized plasma
pressure nT /nT0=nn, the normalized neutral pressure
PN / PN�0�=1 /�1+�n

2 /Bcl
2 , and the normalized neutral density

N /Nw. It is seen in the figure that the neutral pressure is
approximately constant when neutral depletion is low, and is
peaked at the center when neutral depletion is high, being
inversely proportional to the neutral density.

VII. SUMMARY

In this paper we reviewed our recent theoretical studies
of neutral depletion and repletion that follow strong ioniza-
tion in gas discharges. We showed that what determines
which of the two processes, depletion or repletion, will occur
is the relation between density and pressure in the neutral
gas. For collisionless neutrals the pressure is inversely pro-
portional to the density, resulting in neutral depletion, while
when neutrals are thermalized so that their pressure increases
with their density, an unexpected neutral repletion is induced.
We have performed here again the analysis of collisionless
neutrals coupled to plasma through ionization and wall re-
combination only, with a kinetic model for the plasma ions.
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